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Examples n =0, 1,2, 3, 4.
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Introduction

Star-polygons
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Two dimensions

Two dimensional case

In 2 dimensions there is an infinite number of regular polytopes
(polygons).

{6}
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Necessary condition in 3D

Polyhedron {p, ¢}
e Faces of polyhedron are polygons {p}

@ Vertex figures are polygons {¢q}. Note that this means that
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Three dimensions

Solutions of the inequality

Inequality

e Faces are polygons {p}
o Exactly g faces meet at each vertex
1 1 1
2 p ¢ ]
p=3 p=4|p=>5
q=3,4,5]q=3 =3

N

But do the corresponding polyhedrons really exist?
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{p.a} = {3,3}
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Three dimensions
|cosahedron

{p.q} = {3,5}




lcosahedron

{p,q} = {3,5}

(0, =+, :bl)
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Three dimensions
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Three dimensions
Dodecahedron

{p.q} = {5,3}

(£1,£1,+1)
(0,£7,+1)
(£1,0,£7)
(£7,+1,0)
where
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Three dimensions

Five Platonic solids

Cube Tetrahedron | cosahedron
{4,3} {3,3} {3,5}

Octahedron Dodecahedron
{3, 4} {5, 3}
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(3, 4

Desired properties of a Schlafli symbol of a regular polytope II,,
@ Schlafli symbol is an ordered set of n — 1 natural numbers
@ If II,, has Schlafli symbol {k1,k2...,kn_1}, then its

o Facets have Schlafli symbol {ki,k2... , ky_2}.
o Vertex figures have Schlafli symbol {ks, k3. .., kp_1}.
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Schlafli symbol

Vertex figure of a facet is a facet of a vertex figure.

If I, is a regular polytope, then it has

e 3-dimensional facets {p, ¢}
@ 3-dimensional vertex figures {q,r}
We define the Schlafli symbol of I14 to be {p,q,7}.

In general if II,, is a regular polytope, then it has
o facets {ki, ko, ... kp_2}
o vertex figures {ko, ..., ky_o2,kn_1}
Thus the Schlafli symbol of I1,, is {k1, ko, ..., kn_1}.
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Five and more dimensions

Three regular 5-dimensional polytopes
{37 37 37 3}’ {37 37 37 4}7 {47 37 37 3}

Proceeding in the same manner we can form the following Schlafli
symbols:

an =1{3,3,...,3,3} = {3"!} Simplex

B =1{3,3,...,3,4} = {372, 4} Cross polytope
Y = {4,3,...,3,3} = {4,3" 2} Hypercube

We can also get {4,3,...,3,4} = {4,373 4}, but it turns out to
be a honeycomb.



Five and more dimensions

Summary

Dimension

Number of polytopes
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